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Abstract— Specific slow wave structures are needed in order
to produce coherent Cherenkov radiation in overmoded rela-
tivistic generators. The electromagnetic characteristics of such
slow wave, resonant, finite length structures commonly used in
relativistic backward wave oscillators have been studied both
experimentally and theoretically. In experiments, perturbation
techniques were used to study both the fundamental and higher
order symmetric transverse magnetic (TM) modes. Finite length
effects lead to end reflections and quantization of the wave
number. The effects of end reflections in open slow wave struc-
tures were found from the spectral broadening of the discrete
resonances of the different axial modes. The measured axial and
radial field distributions are in excellent agreement with the
results of a 2-D code developed for the calculation of the fields
in these structures.

Index Terms— Periodic structures, slow waves, dispersion
curve, resonators.

1. INTRODUCTION

ARIOUS electrodynamic structures capable of support-

ing the propagation of slow electromagnetic waves are
widely used for microwave generation and for the acceleration
of charged particles. These slow-wave structures are designed
to match the phase velocity of the propagating electromagnetic
waves to the speed of electrons in the same structure in order
to facilitate an effective beam/wave interaction. For interaction
with weakly relativistic electron beams it is therefore necessary
to slow down the wave’s phase velocity significantly while for
interaction with relativistic electron beams the phase velocity
required is only slightly smaller than the speed of light. The
electromagnetic properties of structures with very different
phase velocities, obviously, would also be expected to be very
different. Therefore, in spite of the availability of detailed
studies of structures intended for operation in conventional,
weakly relativistic microwave tubes [1], [2] there is still a need
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for more detailed studies of slow wave structures intended for
operation with relativistic electron beams.

A second motivation for the work presented in this paper is
the recent interest that has developed around the generation
of high power microwave radiation in devices employing
overmoded slow wave structures. Despite traditional concerns
about mode competition in overmoded devices, recent experi-
ments [3], [4] have shown that efficient, high power operation
can be achieved in such devices operating in a single mode.
The present study, therefore, has been undertaken in part
to accurately determine the electromagnetic characteristics of
overmoded slow wave structures to aid in the linear and
nonlinear analysis of advanced microwave sources employing
such circuits.

Finally, such issues as finite length of the periodic structures
and finite reflections at both ends should be studied in more
detail. For example, in a finite length structure the axial
wave numbers of the electromagnetic modes are quantized
affecting the spectral characteristics of device operation. Also,
the amount of refiection at both ends of the structure affects
the quality factor of each of the quantized axial modes in
the multiple resonance ‘‘slow-wave’’ cavity in a unique way.
This, in turn, strongly influences the interaction of the electrons
with the electromagnetic waves associated with each mode.
Especially important is the effect of refiections on the non-
stationary operation of short pulse relativistic backward wave
oscillators (BWOQO’s) [5], [6].

Perturbation techniques are available for measuring the
spatial distribution of fields in resonant cavities [1], [2]. These
techniques have been primarily applied to the fundamental
modes in accelerator cavities, which are electromagnetically
closed (shorted) at both ends and typically have quality factors
(Q) over 4000. In contrast, the Q factors of spatially periodic
slow-wave structures intended for operation with intense rel-
ativistic electron beams -are much lower (~ several hundred)
and the electromagnetic properties of these structures have
not been studied in detail until recently [7]-[11]. Due to the
high fields achieved in these devices, microwave power is
usually extracted via open-ended matching sections that lower
the total Q and can cause asymmetric axial field distributions.
To accurately model this type of device it is important to know
the reflection coefficient at the end of the structure and the field
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distribution. To date, parameters have usually been obtained
through numerical calculations, which are more complicated as
the Q-factor decreases. In this study we present experimental
methods for determining these parameters and for checking
the results of numerical calculations.

To properly address these issues we have developed a
formalism describing the fields inside a finite length, spatially
periodic structure and methods for measuring the fields and
end reflections. For this study we used a periodic structure
in the shape of a cylindrical waveguide with a sinusoidally
varying conducting wall. A schematic diagram of this appara-
tus appears in Fig. 1(a). The dispersion diagram for the first
six symmetric transverse magnetic modes in an infinitely long
slow wave structure with the same dimensions is shown in
Fig. 1(b). The periodic nature of the structure leads to a band
pass characteristic of each mode. The passbands are given
an index, starting with 1 for the lowest and increasing by
1 for each subsequent passband. Thus, the first is referred
to as TMp;, the second as TMgo, and the nth as TMg,,. In
this paper, we have studied the fundamental (TMy;) and two
higher order (TMg2, TMg3) transverse magnetic modes in a
spatially periodic, sinusoidally corrugated structure of finite
length. Preliminary data for TMg4 is also available.

This paper is organized as follows. In Section II we discuss
the formation of axial modes associated with each transverse
mode in a finite length periodic resonator and the relation of
these modes to the dispersion diagram of the corresponding
infinite length structure. This dispersion diagram is useful for
modeling some aspects of BWO operation, such as the relation
of beam energy to the approximate operating frequency. To
model the more complex nonlinear behavior, it is necessary
to numerically simulate the operation of the BWO. For that
purpose one needs to know the amplitude and phase of the
reflection coefficient from the structure ends, as well as the
beam-wave coupling coefficient. The coupling coefficient can
only be calculated once the field profile in the structure is
known. In Section III we describe how the electromagnetic
fields are calculated by expanding the fields in a spatially
harmonic series. In Section IV we show how the resonant fre-
quencies as well as the radial field profile associated with each
axial mode of the closed slow-wave structure was measured
for the three TM modes considered. In Section V we describe
how we experimentally determined the reflection coefficient
at the open end of our slow-wave resonator. This was done
by measuring the spectral width of each resonance, which
broadens as the end of the slow-wave resonator is opened. We
present both experimental and numerical results for the end
reflection. Section VI summarizes our work and describes our
latest efforts to increase the accuracy of our results. Possible
extensions of these techniques to plasma filled systems are
also discussed. Two appendices are also attached to explain
the calculation of the reflection coefficient and the analytic
model used for the closed cavity quality factor.

II. AXIAL MODES IN A FINITE LENGTH SLOW-WAVE CAVITY

The dispersion characteristics of electromagnetic modes in
an infinitely long spatially periodic structure are determined
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Fig. 1. (a) Schematic diagram of a spatially periodic (corrugated wall)

structure shorted at both ends. (b) The calculated dispersion diagram for six
symmetric transverse magnetic (TMps) modes in an infinitely long, spatially
periodic structure of Fig.1(a).

only by the geometry of the conducting walls. A finite length
structure, however, can be described by a simple dispersion
relation only when it is well matched at both ends (i.e., no
reflections). Structures used in relativistic BWO’s are usually
not well matched. First, relativistic BWOQO’s utilize a strong
reflection at the entrance of the structure to prevent microwave
propagation into the diode region [7], [8], [10], [11]. At the
output end of the structure, part of the microwave radiation is
reflected and part transmitted. As a result of these reflections
a standing wave pattern is created leading to a spectrum of
axial modes. This effect was studied in [5] and [6].

Any spatially periodic structure with end reflections con-
taining N periods will support N + 1 different axial modes
for each transverse mode [12]. Each of these axial modes is
characterized by a discrete frequency (f,) and a discrete axial
wave number (3,.), which are located on the dispersion curve
of the same transverse mode in an otherwise identical structure
of infinite length. As a consequence of the spatial periodicity
of the structure, traveling waves can be presented as a super
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position of spatial harmonics. The standing wave is formed
by a pair of such traveling waves propagating in opposite
directions. As an example, the measured frequencies and wave
numbers of the seven axial modes associated with the lowest
order symmetric transverse magnetic mode (TMp;) of the six
period slow-wave structure of Fig. 1 are shown in Fig. 2(a). In
Fig. 2(a) we show, for simplicity, only axial wave numbers for
the forward wave in the zero’s Brillouin zone. Bear in mind
that for a given frequency, the total field contains a set of axial
wave numbers corresponding to different spatial harmonics.
Throughout this paper, resonance plots will be presented as
frequency (in GHz) versus the normalized wave number, 3d,
which is equal to the phase advance per structure period. Here
3 is the axial wave number and d is the length of the structure
period. The structure wall radius is given by

R, = Rg + hcos(2nz/d) 1)

where Ry is the average radius and h is the amplitude of the
wall corrugations. Even though all seven axial modes shown
belong to the same transverse magnetic mode (TMgy ), they are
characterized by completely different patterns of field lines. As
an example, the calculated electric field line pattern of two of
the seven axial modes in the slow-wave structure of Fig. 1
are shown-in Fig. 2(b). The technique used to calculate these
patterns will be described in Section III.

A few features of finite length structures follow from
Fig. 2(a), which describes an X-band slow-wave structure
having a passband from 7.4 to 8.7 GHz for the fundamental
symmetric transverse magnetic (TMp;) mode. First, the dis-
crete axial modes which are equally spaced in wave number
are not equally spaced in frequency within the structure
passband. The mode separation varies between 0.05 and 0.25
GHz for the structure studied in this work. Second, the spectral
resonance width (and thus the quality factor) of each of
the axial modes is different since the group velocity of the
electromagnetic wave varies. This feature is used to calculate
the end reflection of shorted and open slow-wave structures,
as will be shown in Section V.

In addition to the dispersion curve, Fig. 2(a) shows all seven
TMy; resonance peaks for a closed six-period slow-wave
cavity as measured with a microwave network analyzer. For a
structure with N periods of length d the resonance condition
can be stated as [12]

Nd = (n,/2)(2r/B) 2)

where n, is the number of half wavelengths along the axis
of the structure and (27/3) is the axial wave length. The
resonant axial wave number [, is then found from n, using
the above equation. Points on the dispersion curve are found
by recording the resonant frequencies f,. and associated axial
wave numbers [, for the set of axial modes associated with
each transverse magnetic (TM) mode. The complete dispersion
relation can then be constructed from these discrete points [13]
or calculated, as will be shown in Section III. Measuring the
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Fig. 2. (a) The dispersion diagram of an X-band slow wave structure having
a passband of 7.4 to 8.7 GHz for the TMp; mode as calculated by Superfish,
presented as a smooth line. Only half of the first Brillouin zone is shown. Also
shown is the measured reflection data and all seven TMo; resonance peaks
of the closed six period slow wave cavity (open circles). (b) The electric field
line pattern associated with two of the seven axial modes (0,57/6).

dispersion relation is therefore reduced to finding the set of
resonant frequencies and axial wave numbers (f,., 3,) for the
desired TM mode. In practice it is much easier to find the
frequencies than the wave numbers. For a spatially periodic
resonator excited by an ideal mode launcher, the N + 1 axial
modes associated with a single TM mode should be equally
spaced in wave number. Thus if the dispersion curve, f(£), is
known to be an increasing or decreasing monotonic function of
the wave number over one Brillouin zone, then it is necessary
to measure only the resonance frequencies. If the dispersion
relation is non-monotonic, then it is necessary to measure both
f and B to determine f(/). In this study we consider the
fundamental (TMp;) and the next two higher order (TMg2 and
TMy3) transverse modes, which are monotonic; however, the
techniques presented also apply to nonmonotonic modes. In
Section IV we show how these resonances were measured.

Authorized licensed use limited to: Rochester Institute of Technology. Downloaded on May 13, 2009 at 18:19 from IEEE Xplore. Restrictions apply.



MAIN et al.: ELECTROMAGNETIC PROPERTIES OF OPEN AND CLOSED OVERMODED SLOW-WAVE RESONATORS 569

III. NUMERICAL MODELING OF THE
SLOW-WAVE STRUCTURE FIELDS

A. Field model

The first step in the simulation of overmoded slow wave
structures is to find a way to accurately and efficiently calculate
the electromagnetic fields in the structure. As higher modes
are considered, these calculations become more complex and
it becomes also important to experimentally verify the results.
Here we present a technique which shows good agreement
with experimental measurements for closed, spatially periodic
structures at least up to the TMp3 mode.

We use a model [14]-[16] in which the fields are expanded
in a spatially harmonic series, according to Floquet’s theorem.
Solving the. dispersion relation for the sinusoidal boundary
of the slow-wave structure given by (1) gives the expansion
coefficients. Using Maxwell’s equation, we get the following
expressions for the electromagnetic field components, E,, E,,
and Hy,

Ez(’rvzvt): Z A11J0(—;5%7')6i(‘9"27“)t) (3)

n=-—o0

> A n n :
E.(r,z,t) = —iRg Z _;ﬂ_Jl(%or>ez<anz_wt> (4)

n=—oc

> A, 2\
H¢(T72-,t)=—’i€0(JJRO z X—J1<.>I%(;T)el(5nz—wt) (5)

— n
n=—oo

where Jy and J; are the Bessel functions of the first kind of
order 0 and 1, respectively,

Xa = Ry (w?/® - B2) (6)

where 8, = 8+ n2n/d is an integer and c is the velocity of
light in vacuum. The dispersion relation is derived from the
boundary condition [17] requiring that the tangential electric
field is zero at the wall r = R(z),

Ey{R) x E.(R)+ E.(R)dR/dz = 0. @)
The spatial Fourier transform of (7) can be expressed as:
D-A=0 (8)

where A is a coefficient vector in (3)-(5) and D is a matrix of
infinite order. The dispersion relation is the non-trivial solution
of (8) and is given by

det [D(B,w)] = 0. )

In the case of a finite length, slow-wave structure, the addi-
tional boundary conditions at both ends (z = 0 and z = L)
must be satisfied [18]. A wave propagating forward along
the z-axis, F', reflects at z = L and becomes a backward
propagating wave B. Fig. 3(a) illustrates this process, and

(a)

- Bed 0 fd T
Normalized Axial Wavenumber, Bd

(®)

Fig. 3. (a) A wave propagating forward along the z-axis, F', reflectsat z = L
and becomes a backward propagating wave. (b) The location of the F' and
B waves on the dispersion diagram.

Fig. 3(b) shows the location of these waves on a dispersion
diagram.

Both forward and backward waves have to satisfy the
dispersion relation,

det [D(BF,w)] =0, (10)
det [D(Bp,w)] = 0. (11)

Electromagnetic quantities must also be single valued at a
given position and time at the resonance,

peliBr=Fe)L} — 1, (12)

Here, p is a round trip reflection coefficient. With the assump-
tion of a loss less cavity that is completely shorted at both ends,
we may write p = 1 and 8 = —3p. Hence, (12) becomes

fr =wN/L (13)

where N is an integer. Except for the propagation direction,
the backward wave is identical to the forward wave; that is,
it satisfies the same radial boundary condition and has the
same energy. Therefore, in (3)-(5), the relationship between
the coefficients AZ of backward wave and those AZ of-the

forward wave may be written as
AP = 4B . (14)

By summing the forward and backward waves, the electro-
magnetic field components in the cavity can be written

E.(r z,t) = et Z 2AnJ0(2(Rir) cos(fpz) (15)
0

n=—0oo
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Rog—ivt N~ 2Anbn
E.(r,2,t) = Roe™™"* Z 2Anfn (-——r) sin(83,2)
oo Xn R
(16)
. —iw = 24, n
Hy(r, z,t) = —iepwRoe ™" n;oo X_nJl (;%O-r) c0s(Bnz).
an

In our calculations, the rank of the matrix was truncated at 9
(—4 < n < 4) [15], [16]. Once the dispersion relation, (9), is
solved numerically, the ratios of the coefficients, 4, /A,, are
determined from (8). With a known set of A, /A,, the field
components E,, E,, and H, are calculated from (15)-(17).

B. Perturbation Theory

Perturbation theory indicates that slight changes in the shape
of a resonant cavity can affect the resonant frequency. Each
resonance (associated with an axial mode) is frequency shifted
by a perturbing object of volume AV by a different amount.
The general relation for the relative frequency shift is given
by [2]

Af,  fay (uH-H* — €E-E*)dV
fr [y (uH-H*+€E-E*)dV

where the integral in the numerator is evaluated over the
perturbing object volume AV and the integral in the denom-
inator is evaluated over the whole cavity. This assumes that
the perturbing object is small compared to the amplitude and
length of the wall ripple. For the case of a sphere {2] the
above equation is geometrically corrected by multiplying the
first term in the numerator by 3/2 and the second term in the
numerator by 3. For a small metal bead of radius ry the field
is almost constant over AV so the integration is unnecessary.
Thus the equation commonly used is [1]

Afr 1

ff - 2wr8(§H§ - Eg)
where Ey and Hj are the field amplitudes normalized so that
the integral of HZ or EZ over the cavity is unity. Since the
only field component on axis is E,, the simplest measurement
would be to find 5, by perturbing the field on axis. In our
experiment, a bead was placed 0.54 cm away from the axis
because of the difficulty associated with having both the bead
and the antenna on axis. At this radius it was still possible
to identify (5, for the TMo; modes by inspection of the
axial profile of the frequency shift. Once the cavity fields are
calculated, (19) can be used to find the associated perturbation.
This frequency shift can then be directly compared with
experimental measurements.

(18)

(19)

IV. RESULTS OF THE FIELD MODEL
AND EXPERIMENTAL VERIFICATION

There are two levels at which we can compare the field
model of Section III with experiment. The first and simplest
level is to compare the measured and calculated resonant
frequencies associated with the axial modes. The second
is to compare the field distribution (or the related spatial
distribution of frequency shifts) of these modes using the
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Fig. 4. Cold test system used for measuring the electromagnetic character-
istics of spatially periodic structures. The perturbing bead could be translated
both axially and radially.

spatial perturbation technique described in Section III. In
this section we will present the comparison on both levels.
Fig. 4 shows the measurement system, including the bead-pull
apparatus to be described later.

A. Resonant Frequencies

Experimentally, the modes of our slow-wave structure were
excited using a small Hertzian antenna on the axis which
could be moved axially in and out of the cavity to adjust
the degree of coupling and to enable calibration. A network
analyzer was used to measure the microwave reflection from
the cavity over the desired frequency range (511 single port
measurement). The resonances appeared as narrow spikes at
frequencies where the magnitude of the reflection was reduced.

The experimental results appear as plots of the resonant
frequency ( f) versus the normalized axial wave number (5d).
All measurements were compared with numerical calculation.
The measurements agree very well with the boundary specific
calculation of Section III and the general boundary calculation
using the 2-D electromagnetic code Superfish [19]. A graph-
ical comparison of the experimental results with Superfish
calculations is shown in Fig. 2(a). This figure shows the
dispersion curve and reflection data with a common frequency
axis. The Superfish results, which were actually calculated at
seven points, are converted to form a smooth curve to aid
in comparison with experiment. Similar plots comparing the
measured and calculated results {16], [20] for the TMg; and
TMg3 modes are shown in Fig. 5(a) and 5(b), respectively. The
measured frequencies of the TMy; resonances are, on average,
0.17% lower than our calculations and 0.03% higher than
Superfish. For the TMg2 and TMg3 modes the experimental
data are, respectively, 0.05% and 0.37% lower than our
calculations.

B. Field Distribution

To perturb the cavity a small object had to be placed at
known locations within the structure and the resulting shift in
the frequency of a given resonant mode was measured. Fig. 4
shows a schematic diagram of the apparatus and Table I gives
a few critical dimensions.
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TABLE I

DIMENSIONS OF SLOW-WAVE STRUCTURE.

Structure Period
Total Length
Radius [cm)]

1.67 cm
10 cm (6 periods)
1.5 + 41 5in(3.72)

Bead Diameter 0.24 cm
Radial Position_of String 0.54 cm
Numerical
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Fig. 5. (a) The dispersion diagram of an X-band slow wave structure having
a passband of 7.4 to 8.7 GHz for the TMo2 mode (smooth line). Also shown
is the measured reflection data for the TMpgresonance peaks of the closed
six period slow wave cavity (open circles). (b) Same as (a), but for the
TMoamode.

An aluminum bead was suspended in the cavity on a nylon
thread via one of four sets of access holes: one set parallel to
the cavity axis and three along the diameter at axial positions
corresponding to the maximum, average, and minimum radii
of the slow wave structure. Bead movement was regulated
by tying one end of the thread to a dial caliper to measure
position and the other end to a small weight to provide tension.
An HP network analyzer measured the forward and reflected
power versus frequency (S11) from a coax Hertzian element
inserted on axis through the cavity end plate. For each mode,
the resonant frequency was recorded as a function of bead
position. The frequency shift at a given point is then the
difference between this frequency and the frequency in an
unperturbed cavity. It should be noted that the effect of the
nylon thread was negligible (less than 500 kHz in all cases).
Both axial and radial dependence of frequency shifts were
measured. The first shift was measured with the bead translated
along a path parallel to the cavity axis at a radial position of
0.54 cm. The second shift corresponded to a radial path at a
position of maximum cavity diameter (see Fig. 4).

In general, measurements and calculations can be performed
for each of the seven axial modes associated with each of the

TMOI(R/2)

TMOL(S®/6) TMO1(2r/3)

Axial E
Position (cm) Position (cm)

Fig. 6. Field perturbation results in the shorted structure for three axial
modes of the TMp; transverse mode. (a) Plots of the electric field lines,
axial and radial frequency perturbation for w/2 axial mode; solid lines -
calculation based on equation 18; open circles - experiment. (b) Same, for
27 /3. (c) Same, for 57 /6.

TMO2(57/6)

TMO3()

Position (cm)

ial
Position (cm)

(b)

Fig. 7. Field perturbation results of the shorted structure for one axial mode
of high order transverse modes. (a) Plots of the electric field lines, axial and
radial frequency perturbation for 57 /6 axial mode of the TMo2 mode; solid
lines - calculation based on (18); open circles - experiment. (b) Same, for =
mode of the TMpstransverse mode.

three transverse modes (TMo1, TMpz, TMg3). In Fig. 6 and
7 we present selected results. All seven axial modes of the
TMog; group of modes and some of the axial modes of the
TMp2, TMops, and TMgs have been studied numerically and
experimentally. The results are shown in Fig. 6(a), (b), (c)
for the TMo1 7/2, TMg1 27/3, and TMg; 57/6 modes, re-
spectively. The experimental results appear as circles overlaid
on solid lines that represent the numerical results. To help
visualize the cavity fields, a plot of the electric field lines
for each axial mode is displayed beside the corresponding
data. Similarly, Fig. 7(a) displays the 57 /6 mode of the TMo2
series and Fig. 7(b) shows the # mode of the TMg3 series.
The normalized wave number, 3d, can be found from these
results by simply counting the number of local maxima along
the length of the resonator and multiplying the number by 7 /6.

V. REFLECTION AND Q-FACTOR OF
AN OPEN SLOW-WAVE STRUCTURE

In most low power linear microwave devices the output
power is extracted radially at one end of the interaction
region. Microwave mode converters change the cylindrical
mode produced in the interaction region into the fundamental
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Fig. 8. (a). A schematic diagram of an open slow wave cavity — a way for
axial power extraction in a relativistic backward wave oscillator. In this work
a=102cm, b=762cm, c =475 cm. (b). Demonstration of resonance
broadening. The 7 /2 resonance of the TMp; mode is broadened when the
structure is open (dotted line) as compared to the shorted case (solid). This
effect is used to calculate the reflection at the end of the structure.

mode of a waveguide which can transport the energy to the
load or antenna. At power levels of tens of MW, the complex
geometry of the mode converter can lead to breakdown even
in vacuum. To avoid this problem high power tube designs
eliminate the mode converter and allow the output power
to exit the slow-wave structure along the beam axis. Then
the beam is separated from the microwave by tapering the
magnetic guide field and thus dumping the beam into the wall
of the waveguide. For these discussions this type of cavity is
labelled “‘open’’ [23]. A diagram of a practical open cavity
used in high power BWO experiments [8], [11] is shown in
Fig. 8(a). '

When modeling a BWO it is important to know the end re-
flection of the structure. End reflections affect both the starting
conditions and saturation effects in the device [5], [6]. Several
numerical codes can predict the end reflection coefficient (p)
for a given geometry, however, it is often difficult to accurately
calculate end reflections due to the complex geometry of such
systems and the often unknown surface finish conditions used.
For these reasons it is important to perform experimental
measurements. The most direct method of measuring p is to
launch the desired mode down the structure and measure the
waves which are transmitted through or reflected from the
end of the structure. This technique requires both launching
the desired mode and completely absorbing the reflected wave
inside the structure. Either of these would be very difficult in
practice. It is much easier to find p indirectly by exploiting its
relation to the diffractive quality factor of the structure. The
diffractive quality factor of a structure (Qg) is related to the
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radiative power loss through the output aperture of the cavity,
whereas the power loss to the walls is related to the ohmic
quality factor of the cavity (Qohm)-

To find Qg it is necessary to separate the ohmic losses
(Qonm) from the total circuit losses (Q:) which include the
radiative losses of the cavity. Since the Q-factor is inversely
related to power loss, Q4 can be found from @Q; and Qonm
by the relation ‘

Qa4 = 1/(1/Qt - l/Qohm)- (20)

Both Q; and Q.hm can be measured directly. The measured
quality factor of the system is () when the structure is open,
and Q.nm When the diffractive loss is eliminated by placing a
short at the output side of the structure. Fig. 8(b) demonstrates
this effect by showing how the 7/2 resonance of the TMg;
mode is broadened when the end of the structure is opened.

A. Experimental measurement of Q

It is useful to give some details of our Q measurement here.
We measured the voltage standing wave ratio (VSWR) of
the cavity across the desired resonance or resonances using
a HP8510C vector network analyzer (we used a one-port
measurement for simplicity). From this data we found the
minimum VSWR (at resonance) and the maximum VSWR
(between resonances). From these two values we used a
technique [21] to find the VSWR level at which to read the
upper and lower frequencies, f1 and fo, of each resonance.
From these frequencies, and the resonant frequency f, we can
calculate the cavity Q using the relation

Q= fe/(fr = f2)- @n

With the additional knowledge of whether the cavity was
under-coupled (less than optimum coupling) or over-coupled
(more than optimum coupling) a correction factor for the Q
was found that eliminated the loading effect of our mea-
surement apparatus and wave launcher. The cavity coupling
could be adjusted by moving the launcher in and out of the
cavity. Using the minimum insertion which would give a clear
resonance we were certain to be in the under-coupled regime.
The cavity was made of brass.

Using these techniques we measured the Q’s of the cavity
modes in both open-ended and close-ended configurations.
As a check we compared the measured Q’s for the shorted
configuration with an analytic calculation which is described
in detail in Appendix II. These results appear in Fig. 9.
The agreement of the measured and calculated Q’s is very
good when we use a surface roughness factor of 1.7. This
factor effectively increases the skin depth in the calculation
to compensate for increased field penetration due to surface
imperfections (i.e. fabrication, oxidation).

We use (20) to calculate Q4 from the measured values of
Q¢ and Qonm. The only remaining step is to calculate the end
reflection, p, from Q4. Appendix I presents a derivation of the
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Fig. 9. Calculation (open squares) and measurement (bars) of the wall losses
for various axial modes associated with the TMp; mode of the shorted periodic
cavity. The surface finish factor is 1.7.

relation of these two parameters. The result is

(22)

where @ = (w/c)?(L/B). Using this relation the measured
values of p were found. These values of p for the TMy; axial
modes were compared with a set of calculations performed
by A. Bromborsky [22]. The results appear in Fig. 10(b).
The measured reflection coefficients are up to 15% larger
than the calculated ones. This is a significant difference since
reflections are important for both the linear characteristics
(starting conditions) and for simulations of non-stationary
operation of pulsed relativistic backward wave tubes. For
example, a 15% change in the reflection coefficient can cause
the starting current to double.

VI. SUMMARY AND CONCLUSIONS

The electromagnetic properties of slow-wave resonators
for high-power relativistic backward wave tubes have been
studied both theoretically and experimentally. The agreement
between the measured and calculated frequencies and spatial
field distributions is very good (the discrepancy is less than
0.2%) for the first three symmetric transverse magnetic modes
(TMy,,¢) with the index p from 1 to 3 and various axial indices
¢ (from O to N where N is the number of periods of a slow-
wave resonator). Preliminary data is also available for the
TMoy4 mode, which is characterized by a very flat dispersion
curve (see Fig. 1).

We have also developed a simple method to measure the end
reflections in open slow-wave resonators by measuring their
Q-factors. This measurement technique gives results for end
reflections which are up to 15% higher than those that follow
from computer code simulations [22].

Applying these techniques is especially important to high-
power relativistic BWO’s with overmoded structures because
their dispersion diagram may not be a monotonic function
of the axial wave number. For this reason it is necessary to
measure both the frequency and the axial wave number, as
was done in this work, in order to identify the transverse and
axial indices of the operating mode.
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Fig. 10. (a) Measurement of the diffractive quality factor of the open
periodic cavity for various axial modes associated with the TMg1 mode. (b)
The measured reflection coefficient for various axial modes, derived from the
diffraction quality factor using (22).

The results obtained are important in the design of future
high-power relativistic backward wave oscillators, relativistic
travelling wave tubes, overmoded multiwave Cherenkov and
multiwave diffraction generators. We also plan to extend
the technique described here to the study of plasma filled
relativistic slow wave devices [24].
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APPENDIX [
DEPENDENCE OF CAVITY END-REFLECTIONON
DIFFRACTIVE QUALITY FACTOR

We consider a cavity consisting of a section of waveguide
with a short at one end and a ‘‘leaky’’ aperture (antenna) at
the other. We find the dependence of the reflection from this
aperture, p, on the diffractive quality factor of the cavity Qq
in two steps. First, we relate Q4 to the ratio of circulating
power to power loss, and then we relate this ratio to the end-
reflection. We begin with a description of 4 and how it relates
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to the total and ohmic quality factors. These three Q-factors
are defined as follows:

Qonm = Q-factor related to RF power lost in the cavity wall
by resistive heating

@ = Q-factor related to all power loss mechanisms (ohmic
and radiation)

Q4 = Q-factor related to power lost by diffraction through
an aperture in the cavity.

By definition, the Q-factor is related to the cavity power
loss, Pioss, by the equation

Q = u"([]/P]oss)

where w is the resonant frequency and U is the electromagnetic
energy stored in the cavity. Because @ is inversely related to
power loss, and the total power loss is equal to the sum of
the diffractive and ohmic losses, the three Q-factors have the
relation

1/Q¢ = 1/Qohm +1/Qa. (23)
An experimental measurement of the open cavity would give
the value for Q. If the aperture was shorted then the measure-
ment would give Qonm. Thus, using this equation, all three Qs
can be experimentally determined.

We now proceed to relate (4 to the end reflection. To
accomplish the first step we use the relation between power
and energy in an empty waveguide

Pfu= (B/w)c* = vy 24)

where u is the energy per unit length in the waveguide (U/L)

and vy, is the group velocity. Using this relation the definition
of quality factor becomes

Qa = (w/¢)*(L/B)(Peirc/ Pa) (5)

where F.i;. now represents the power circulating in the cavity.

- To relate P./Py to the end-reflection p, we consider the

forward and reverse waves in the cavity with associated power

P, and P_, and the power lost through the cavity aperture
P,. By definition

P_/P, = |pf? (6)
and
P —P_ =P, Q7
SO
Py/Pp =1~ |p|% (28)

By eliminating P, and P_ we relate the power ratio to the
reflection coefficient ‘

Pcirc =P++P— _ 1+|P|2
Py Py 1—|pf*’

29

IEEE TRANSACTIONS ON PLASMA SCIENCE, VOL. 22, NO. 5, OCTOBER 1994

Thus, substituting into the equation for Qg

_ 1+0pP
Qu=ag— o2 (30
where
a = (w/c)2(L/B). 31
Inverting this expression in terms of p, we find
1 - (a/Qad)
=) ——tx2 32
P\ T+ @/Q) 2

This is the relation we used to find the cavity end-reflection
in Section V of this paper (22).

APPENDIX II
OHMIC LOSSES IN RESONATORS WITH CORRUGATED WALLS

Consider a resonator formed by the part of a cylindrical
waveguide with corrugated walls which is bounded with two
end walls. In general, the ohmic quality factor (Q) of any
resonator can be defined as

w
Qoh = =
- Wohm

_y Jy |H |2dV

= . (33)
stkin |H~ 2V

Here, the bars imply the averaging over the wave time
period 2w/w, W is the microwave energy stored in the
resonator, Wy, is the microwave energy concentrated in a
skin-layer of the metallic walls. Vi, is the volume associated
with the skin depth. The coefficient 2 reflects the fact that
inside a resonator the electric field amplitude is equal to the
magnetic field amplitude while in a metallic wall (with the
finite but very large conductivity, o) only the magnetic field
is significant since E. ~ (1/y/0)H<.

We will restrict our consideration to the simplest but most
important case of symmetric TMgp¢ modes. The magnetic field
of such modes has only one, non-zero component directed
along azimuthal coordinate ¢ (H..4). In a corrugated structure
with strong end reflections this field, excited at the given
frequency w, can be presented as

H.; = Hye™' + complex conjugate.

where

(e o]

A, .
H¢ =i60wR0 Z X—Jl(gnr)ezﬂ"z

LT

(34

n=—oo

Bn=In/L+np

Here Ir/L is the axial wave number of the field, the wave
number 3 is determined by the period of corrugation d:
B = 2m/d, the transverse wave number g, is equal to g, =
[(w/c)®—B2]*/2. This is the form given by (5). For slow spatial
harmonics g2 < 0 (n # 0), and therefore, J1(gn7) = il1(pnr)
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where p2 = —g2. Below we will take into account only zero
and = first spatial harmonics supposing that amplitudes of all
other harmonics are negligibly small.
Let us consider periodical corrugation of the resonator wall,
R=Ry+h- cosfz 35)
and suppose that the height of these ripples, h, is much smaller
than the wavelength, A. In such a case of small ripples it is
possible to replace the boundary condition for the field at the
real corrugated wall by an approximate boundary condition
at the wall of the cylindrical waveguide of radius Ry [25].
From this condition one can find the relation between spatial
harmonic amplitudes [26]:
Asi __h @F(n/L)-B  Ji(goRo)
Ag 2 Pt1 To(p+1Ro)

. (36)

In the case of arbitrary relations between h and A the ratio of
harmonic amplitudes can be found only numerically.

In addition to the assumptions given above let us also
assume that the structure consists of an integer number of
periods: L = N - d where N is an integer. Then, for the
microwave energy stored in the resonator one can obtain the
following formula:

— A 2
W = ’R'LR(Z) [(eowROX—O) Ji (Xp)] (1 + a%qﬁl + ag_lqﬁ,l)
0
37
where xp = goRo is the pth root of the equation Jo(x) = 0,
which is the boundary condition for the TM,¢ mode in a
waveguide of the constant radius Ry,

\ E
s ::(E.$L£E1£_é)’i

2 P+1
+
br1 = m[I%(PilRo) — Io(p+1Ro)I2(p+1Ro)].

(38)
The last two terms in (IL.5) correspond to the + first spatial
harmonics.

In a similar manner one can find the microwave energy
stored in a skin-layer of the depth 6,%. Note that due to a
certain roughness of the wall, a realistic skin depth is 1.5 - 2
times larger [27] than the theoretical value. Correspondingly,
the ohmic Q-factor of the closed cavity

w
closed

=W W (39)
ohm ohm,corr + ohm,e.w.

where Wohm,cm is the average microwave energy concen-
trated in a skin- layer of the corrugated wall of a waveguide
section, and Wohm,e,w, is the microwave energy concentrated
in a skin-layer of end walls. Denoting the skin-depth by
b5k one can derive for Wonm corrs Wohm,e.w. the following

expressions:

2
Wohm,corr = W(sskL(EOWRO%g) RO']lz(Xp)
N\ 2

{1 +a2¢t +a%%, + Rio(alql +oa_19-1) + (ng) }7
5 7d A 2 2 72
Wohm,e.w. = 2mhsi, (‘EOWRO;S) R0J1 (XP)

2 2 1
{l +aid + a1 +4C¥1§ﬁﬂlﬂ—/l‘—) BRa

p_ 1 aja_
+4a_1ﬁ_2(1;/” 7+ 6Rof(,,,}L)(p1Q—1 - p—1q1)}7

Here g+, denotes I1(p+1Ro)/Io(p+1Ro)-

Substituting equations (I1.5), (IL.6), (I1.8) and (IL.9) into
(I1.7) one can find the ohmic Q-factor of the closed cavity. In
microwave generation experiments [3,4,6,7] structures without
end walls are used. Correspondingly, when reflections of the
microwave power at both ends (z = 0 and z = L) are large
enough, the ohmic Q-factor of the resonator can be estimated
by the following equation

Qe =

= 42)
Wohm,corr

where W and W ohm corr are defined by Eqs. (ILS5) and (IL.8),
respectively. Equation (IL.7) was used in Section V (and Fig. 9)
to calculate the ohmic losses in a shorted cavity.

Two limiting cases should be considered separately. In
case of the O-mode, we have | = 0,482 = 3%,,p1 =
P-1,q1 = g¢-1,01 = a—1 and ¢; = ¢_;, which means
that the first and minus first harmonics degenerate to each
other except for difference in propagating direction. Thus we
have to recalculate our formulas from the first step by taking
the degeneracy into consideration. This leads to simplified
expressions for terms defined by eqs.(IL.8),(I1.9). We do not
present here these formulas because it was found that for
parameters of our slow-wave structure the amplitudes of +
first harmonics are small (4, = A_, = 0.02A,), and therefore
these harmonics can be ignored in calculation. This fact has
been used to calculate the Q-value of the 0-mode in Fig. 6.

In case of m-mode, a zero harmonic of forward wave and
minus first harmonic of backward wave have the same axial
wave number as well as a zero harmonic of backward wave
and plus first harmonic of forward wave. They propagate in
opposite directions and thus form a standing wave together.
In other words, these harmonics degenerate to each other in
terms of dependence of the radial coordinate and therefore all
formulas must account for this effect. We do not present here
these formulas recalculated, because it was found that in our
experiment the intersection between the light-line, w = k¢
and the dispersion curve is close to the point of the m-mode,
which means | go |< 3, where

32
=-gi=-(4) "+ 2
Po=~9% (c +4>0-

This condition | go |« [ simplifies the consideration. For
experimental parameters the following relation between har-

Authorized licensed use limited to: Rochester Institute of Technology. Downloaded on May 13, 2009 at 18:19 from IEEE Xplore. Restrictions apply.



576

monic amplitudes was found,

A -
2l _157x107%, =L =1.025.
0 0

Thus we were able to ignore the plus first harmonic and to
approximate the magnetic field as

A _
Hy = (eowRo—ﬁ)Il(poRg)cos(,Bz/Z) 43)

This expression has been used to calculate the Q-value of the
m-mode in Fig. 6.
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